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Some criteria for a directed HoTT

Syntax Semantics
Extend HoTT: Extend the groupoid model:
@ There is a type homa(a, b). @ Types in the empty context
@ We can do transport along are categories.
morphisms in it. @ The hom type is the
@ Be strong enough to prove hom-set.
classic theorems internally, @ Functions A — B are
e.g. the Yoneda lemma. functors A — B. )
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Some criteria for a directed HoTT

Syntax
Extend HoTT:

@ There is a type homa(a, b).

@ We can do transport along
morphisms in it.

@ Be strong enough to prove
classic theorems internally,
e.g. the Yoneda lemma.

Our theory satisfies these!
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Semantics
Extend the groupoid model:

@ Types in the empty context
are categories.

@ The hom type is the
hom-set.

@ Functions A — B are
functors A — B.
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The idea

@ We start with MLTT.

o = = = Ve
F. R. Chu, E. Mangel, P. R. North



The idea

@ We start with MLTT.

@ Add a hom type constructor, as in North [1].
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The idea

@ We start with MLTT.

@ Add a hom type constructor, as in North [1].

© Annotate the variances, x © X with w € {4, —, 0}, as in Nuyts [2].
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The idea

@ We start with MLTT.
@ Add a hom type constructor, as in North [1].
© Annotate the variances, x © X with w € {4, —, 0}, as in Nuyts [2].

@ Import the rules we see in the semantics back to the syntax.
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The hom-type rules

M=A: Uy

MN-a:A

M+ homA(a, b) . uk

r=b:A

hom-FORM

o =2 = = 9Dae
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The hom-type rules

=AU

N-a:A

[+ homa(a, b) : Uy

F=b:A

hom-FORM
o =2 = = 9ace
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The hom-type rules

=AU NrN-a:A

[+ homa(a, b) : Uy

FTFb'A

hom-FORM
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The hom-type rules

TFA U, TFa:A

[+ homa(a, b) : Uy

FTEb'A

hom-FORM
o =2 = = 9ace
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The hom-type rules

TFA U, TFa:A

FTFb A
[+ homa(a, b) * Uy

hom-FORM
o =2 = = 9ace
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The hom-type rules

AU Ti-a: A

M-pt A
M+ homa(a, b) * Uy

hom-FORM
o =2 = = 9ace
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The hom-type rules

MEA U

Mra:A
M - homa(a, b) * Uy

Mbb' A
M= AU

hom-FORM
N~a: A

'F1,: homa(a, a)

hom-INTRO
(=] = = = PENE




The hom-type rules

AU

Mra: A
M+ homa(a, b) * Uy

bt A
MEA U

hom-FORM
MfratA
M+ 1, homa(a, a)

hom-INTRO
o ] = = DA




The hom-type rules

FEA U T'Ha: A T'RbTA
M - homa(a, b) * Uy

hom-FORM

MEA U TiHat A

S hom-INTRO
M+ 1, homa(a,a)

reaX?Auy?AaQO,:(homA(Xay) + D(vaa(to)?ruk
M xS AF d(x)? D(x,x, 1)

YA o + k . w ELIM-L
M, x: Aay : A7<p : homA(Xay) l_./d(x7y)90) : D(vaaso)
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Orientations

We interpret the orientations {+, —, o} as endofunctors Cat — Cat.

They have an induced order:

NN

o (_)core

And an induced multiplication:

o — +
(e] [¢] (¢] (e]
— O —
+lo — +
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The interpretation

@ Contexts ~» Categories

e Empty context ~ % e (re’x : A) v (M (wo A))

o Types in context ~» Functors o (l—z ExA) v
(4 ° ¢ core
- (I’ mA: L{) = (M = Gat®™) Sections (I'* — I.(w o A))
> (I“f - A?L[) ~ (M — Cat) Equivalently, x = (w o A)

- (rf A u) - (T = Cat™)

Hence, a closed type - - A TUis interpreted as a category A, and a
judgement a TA-biBis interpreted as a functor A — B.
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Weakening

We can get more structure from the orientations, we can weaken:

F. R. Chu, E. Mangel, P. R. North

(< m Met? A
MEt? A

ORT-WEAK-L

rZ) s m

b
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Weakening

Similarly, we can weaken on the right by postcomposing:

w<a HrEt?A

7 < ORT-WEAK-R
MEt: A

*rg

RN

re (wod) > Cat

ﬂ(WSQ)A

(ao0A)
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Transmutation

We can switch all orientations.

MrEx™X

T me o TRANSMUT
MMkx" X

In particular, we can make all annotations o.
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The hom constructor

We recall the rules

HEA U T'ra A TYFbLYA
I+ homa(a, b) * Uy

hom-FORM

HMEA U TiHat A
M+ 1, homa(a, a)

hom-INTRO

We now interpret

a:AbTArhoma(a,b) Uy ~  hom:A%® x A— Cat

a® Ak 1,7 homa(a,a) ~  1,: AP - hom(a, a)<"®
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The hom constructor

We recall the rules

HEA U T'ra A TYFbLYA
I+ homa(a, b) * Uy

hom-FORM

HMEA U TiHat A
M+ 1, homa(a, a)

hom-INTRO

We now interpret

a:AbTAFhoma(a,b) ' U ~  hom:A%® x A—s Cat

at Ak 1,  homa(a,a) ~  1,: A° - hom(a, a)
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And some other types

We also have some other type constructors

Sigma types
Pi types
An op type constructor

A core type constructor

Identity types

Their rules are adapted to take in account variance.
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Example: Product types

There are now 9 product types:

frA U, T'B1TU,
M A% x B2 T Uy

X-FORM

Hra“A T'Fb7?B
1 (a,b) T A1 x B*2

X-INTRO
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Expressivity

@ Using these, and considering isovariant contexts [°, we can develop
the usual theory of HoTT.

@ In particular, we have homotopies and equivalences as usual

@ We can reason internally about the hom-types, e.g.:

» Reflexivity, composition, but not symmetry.
» Functoriality.

» Yonedal.

With some caveats.
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Summary

- . . w
@ We annotate variances in variables x : X.

@ We internalize rules that we see in the semantics:

» We add structural rules concerning this variance.
> All other rules are adjusted in terms of this variance.

@ From these rules, we can use HoTT as usual as well as reason about
1-categories.
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Future work

@ What's the relationship between isomorphisms and equality?
@ Are (00, 1)-categories a model?
@ What Directed Higher Inductive Types can be added?

@ How much category theory can be proved internally?
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Thank you!

o = = E = 9acn
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